International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015
ISSN 2229-5518
1651

A Parallel System with Priority to Preventive Maintenance over

Repair Subject to Maximum Operation and Repair Times

R. Rathee and S.C. Malik
Department of Statistics, M.D. University, Rohtak-124001, India
Email: reetu.rathee.1989@gmail.com & sc_malik@rediffmail.com

Abstract

In this work, a stress is given on the evaluation of performance measures of a parallel
system under priority with necessary conditions on operation and repair times. The units are
identical in nature subject to constant failure. There is a single server who visits the system
immediately to rectify the faults whenever occurred in the system. The system undergoes for
preventive maintenance after a pre-specific time‘t’ up to which no failure occurs. However,
repair of the unit is done at its failure. And, the unit is replaced by new one in case its repair is
not possible by the server in a given maximum repair time. The maintenance and repair activities
are perfect. Priority is given to preventive maintenance of one unit over repair of the other. The
random variables associated with failure, preventive maintenance, repair and replacement times
are statistically independent. The failure time and the time by which unit undergoes for
preventive maintenance and replacement follow negative exponential distribution, whereas the
distributions for preventive maintenance, repair and replacement rates are taken as arbitrary with
different probability density functions. The system is observed at suitable regenerative epochs by
using semi-Markov process and regenerative point technique. Graphs are drawn to depict the
behavior of some important reliability measures giving particular values to the parameters and
costs. The profit of the system model has also been evaluated considering different cost policies.

Keywords: Parallel System, Priority, Preventive Maintenance, Maximum Operation and Repair
Times and Performance Measures.

1. Introduction

The importance of parallel operation of components in repairable systems has been felt
by the users in view of their load sharing capacity and the ability to provide better services for a
reasonable period. And, so research work on stochastic modeling of such systems has been
propagated by the scholars and engineers including Kumar et al. (2010) and Malik and Gitangali
(2012). They assumed that system can work for a long period without requiring any type of
maintenance. But, sometimes a system has to work in varying environmental conditions and so
deteriorates due to continued operation and ageing. In such a situation, preventive maintenance
of the system can be conducted after a maximum operation of time to slow the deteriorate
process. Malik and Barak (2013) studied a cold stand by system with preventive maintenance
and repair.

Further, the performance of a system can be enhanced by giving priority in repair
disciplines and also replacing the failed component by new one in case their repair time is too
long. Singh and Agrafoites (1995), Kumar and Malik (2012) and Malik (2013) analyzed systems
with cold standby redundancy under the aspects of priority in repair disciplines, maximum
operation and repair times.

While considering the practical situations in mind, here reliability measures of a parallel
system have been evaluated using the concepts of priority, maximum operation and repair times.
The units are identical in nature subject to constant failure. There is a single server who visits the
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system immediately to rectify the faults which occur during operation of the system. The system
undergoes for preventive maintenance after a pre-specific time‘t” up to which no failure occurs.
However, repair of the unit is done at its failure. And, the unit is replaced by new one in case its
repair is not possible by the server in a given maximum repair time. The unit works as new after
preventive maintenance and repair. Priority is given to preventive maintenance of one unit over
repair of the other. The random variables associated with failure, preventive maintenance, repair
and replacement times are statistically independent. The failure time and the time by which unit
undergoes for preventive maintenance and replacement follow negative exponential distribution,
whereas the distributions for preventive maintenance, repair and replacement rates are taken as
arbitrary with different probability density functions. The system is observed at suitable
regenerative epochs by using semi-Markov process and regenerative point technique to drive
expressions for transition probabilities, mean sojourn times, mean time to system failure(MTSF),
availability, busy period of the server due to repair, preventive maintenance and replacement,
expected number of repairs, preventive maintenances and replacements and finally, the profit
function. Graphs are drawn to depict the behavior of some important reliability measures giving
particular values to the parameters and costs. The profit of the system model has also been
evaluated considering different cost policies.

2. Notations:

E Set of regenerative states

E Set of non-regenerative states

A : Constant failure rate

ap . The rate by which system undergoes for preventive maintenance (called
maximum constant rate of operation time)

Bo . The rate by which system undergoes for replacement (called maximum
constant rate of repair time)

FUr /FWr The unit is failed and under repair/waiting for repair

FURp The unit is failed and under replacement

UPm The unit is under preventive maintenance

WPmM The unit is waiting for preventive maintenance

FUR/FWR The unit is failed and under repair / waiting for repair continuously from
previous state

FURP The unit is failed and under replacement continuously from previous state

UPM The unit is under preventive maintenance continuously from previous state

WPM The unit is waiting for preventive maintenance continuously from previous
state

g(t)/G(t) pdf/cdf of repair time of the unit

f(t)/F(t) pdf/cdf of preventive maintenance time of the unit

r(t)/R(t) pdf/cdf of replacement time of the unit

gij (t)/ Qj(t) pdf / cdf of passage time from regenerative state Si to a regenerative stateS;

Gijkr (1)/Qijke(t) -

or to a failed state Sj without visiting any other regenerative state in (0, t]
pdf/cdf of direct transition time from regenerative state Si to a
regenerative state Sj or to a failed state Sj visiting state Sk, Sr once in (0, t]

Mi(t) Probability that the system up initially in state S; € E is up
at time t without visiting to any regenerative state
Wi(t) Probability that the server is busy in the state S; up to time ‘t” without making
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any transition to any other regenerative state or returning to the same state via
one or more non-regenerative states.

L : The mean sojourn time in state S; which is given by
w=EM=[ PT>t)dt=%;m;,

where T denotes the time to system failure.

Mij . Contribution to mean sojourn time (p;) in state S; when system transits directly

to state Sj so that 4 = Y. m
j

*/**

and m;; = [tdQ (t) =—q; (0)

®/© : Symbol for Laplace-Stieltjes convolution/Laplace convolution
. Symbol for Laplace Transformation /Laplace Stieltjes Transformation

The possible transition states of the system model are shown in fig.1

Transition State Diagram
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3. Transition Probabilities and Mean Sojourn Times

Simple probabilistic considerations yield the following expressions for the non-zero elements
P = Qij () = .[o Gij (t)dt as (1)

22/ 0!0 * ﬂ, *
CY I = P10=0 (A+ag+L5y),p13= ————— (-9 (A+ay+ ,
dhra P anrg 0T 9 et )b o (oG (ot o)

_'____zil____‘ —-g :.____129_____ _a — *
p14_(/1+a0+,6’0)(1 g A+ag+/)), Pis (/1+060+,30)(1 g A+ag+p)), Ps1=9 (B),

p3=1-9 (Bo) pn.sFm(l—g*(ﬁo))(l—g*(/1+0!o+ﬂo)), Pao=T (A+aq),

A - * 2 )
mg (Bo)1—9 (A+ag+ o)) Pars —P48—m(1—l’ (A+ap)),

o * — -_ % *
1-r (4+ : = = 1- f (A +a,)),
(A +ap) ( (A+a)) + P60 = Pes.10 (A+ay) ( (A+a,))
A

=t (A+a , = =~ (1-f(1+ ,
Peo ( 0) Pe1.11~ Pe,11 (/1+a0)( (A+ap))

D26= Ps1 = P71= Pg1= Pos= P10,6= P11,1 = 1

P11.3=

P49 = Pae9 =

(2)
It can be easily verify that
Po1 +Po2 = P10 ¥P13 +P14 +P15 = Pao +Pas +Pag = P10 +P14 + P15+ P11.3 TP11.37 = Pao +Pas.9 TPa18 =
Peo +Ps,10 +P6,11 = Peo +Pes.10 +Pe1.11 = 1
The mean sojourn times (u;) is in the state S; are
Ko = Mo1 + Moz, U1 = Mo +M13 +Mag +Mys, Uy = Mo, fg = Mag +Mag +Mag , ts = Msy
[t6= Meo +Mg 10 +Mg 11 , {y = Mig +Mas +Mis +Myg3 +My137, Ly = Mag +Magg +Mar s,
[ = Meo +Meg.10 +Me1.11 (3)

4. Reliability and Mean Time to System Failure (MTSF)

Let ¢i(t) be the cdf of first passage time from regenerative state Si to a failed state.

Regarding the failed state as absorbing state, we have the following recursive relations for ¢;(t):
Do(t) = Qoa(t) © Du(t) + Qoz(t)
Dy(t) = Quo(t) ® Do(t) + Qua(t) © Da(t) + Qua(t) + Qus(t)

Dy(t) = Qao(t) © Do(t) + Qao(t) + Qaa(t) (4)
Taking LST of above relations (4) and solving for @;"(s), we have
R*(s)= @ (5)

The reliability of the system model can be obtained by taking Inverse Laplace transform of (5).
The mean time to system failure (MTSF) is given by

MTSF = fimi=¢ &) - ¥ (6)

s—0 S D
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where ,

N = 1+ Poyta + PorPratts and D = 1—Po1Prg — Po1 Pra Pag (7
5. Steady State Availability
Let Ai(t) be the probability that the system is in up-state at instant ‘t’ given that the
system entered regenerative state Si at t = 0.The recursive relations for A (t) are given as:
Ao(t) = Mo(t) + qu(t) © Al(t) + qu(t) © Az(t)
Au(t) = My(t) + dio(t) © Ao(t) + dua(t) © Aa(t) + dis(t) © As(t) + (dura(t)+d1ra7(t)) © Au(t)
Aa(t) = g26(t) © As(t)
Aq(t) = Ma(t) + dao(t) © Ao(t) + dars(t) © Ax(t) + dass(t) © As(t)
As(t) = gs1(t) © Aq(t)
Aer(]t) = Me(t) + deo(t) © Ao(t) + ges.10(t) © As(t) + gsr.11(t) © Ax(t) (8)
Where

Mo(t) =e~ A2t M, (1) =e (At 20+ Aol Gt) Mu(t) =e (A2 R(t)  Me(t) =e~(A+@0)t E(p) (9)

Taking LT of above relations (8) and solving for Ag*(s). The steady state availability is given by

Ao(ec) = limsAs(s) = L (10)
s—0 Dl
where
N1= (X + (14 + ta Pra)Y + 16Z) (11)
D1= X (g + £ Pop ) +Y (£ + 1 Pra + 15 P15 ) + Z g (12)

6. Busy Period Analysis for Server
(a) Due to Repair
Let BiR (t) be the probability that the server is busy in repair the unit at an instant‘t’

given that the system entered regenerative state Si at t=0.The recursive relations for BiR (t) are
as follows:

By (t) = 0o (t)OBY (t) + g () OB (t)

BY* (£) =W (1) + to (VOB (1) + (G137 (1) + 1 () OB (1) + Cha (VOB (1) + s (OBE (1)
B (t) = 06 (1) OB (1)

By (t) =g (1)OBg () + gy 5 (VOB (1) + g o (OB (1)

Bt (t) = g5, () OB (1)

Bg' (t) = g ()OBY: (t) + Ugg.11 (VOB (1) + Ui, 10 (1) OB (t) (13)
where,
Wl(t) _ e—(ﬂ+a0+ﬂo)t(% n (Ze—(i+a0+ﬂo)t©l)(% (14)

Taking LT of above relations (13) and solving for Bg*(s) .The time for which server is busy
due to repair is given by
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* N
B (o) = limsBf' (5) =—2 |, (15)
s—0 Dl
Where
N, :Wl*(O)Y and Dy is already mentioned. (16)

(b) Due to Replacement
Let BiRp (t) be the probability that the server is busy in replacement the unit at an instant

‘t” given that the system entered regenerative state Si at t=0.The recursive relations for BiRp )
are as follows:

B (t) = 0oy (VOB (1) + 02 () ©BSP (1)

B (1) = yo (OB (£) + (chy 57 (1) + . 5 () OB (1) + g (VOB (1) + g5 (D ©BEP (1)
B (t) = 05 () OBG™ (1)

B (t) =W, (t) + Qs (VOBEP (1) + g g (VOB (1) + g o () OBEP (1)

BSP (t) = 051 (1) OB, (1)

BEP (1) = 0go () ©OBEP (1) + 01 11 (VOB (1) + Ggg 10 () OBEP (1) (17)
where,
W, (t) =6 HT)tR(t) + (e AHeolten)R(t) (18)

Taking LT of above relations (17) and solving for B§p*(s) .The time for which server is busy
due to replacement is given by

* N
B&P (0) = limsB™ (s) = —> (19)
s—0 D1
Where
N3 :WZ(O) p.Y and Dj is already mentioned. (20)

(c) Due to Preventive Maintenance

Let BiP (t) be the probability that the server is busy in preventive maintenance the unit at an
instant ‘t’ given that the system entered regenerative state Si at t=0.The recursive relations for
BiP (t) are as follows:

By (t) = Gog ()OBY (t) + 0o (1) OB (1)

BY (t) = G (1)OBE (1) + (thy 37 (1) + . (D) OBY (1) + g (Y OB (1) + cys () OBE (1)

B (t) =W, (t) + O (1) OBE (1)

By (t) = 0o (1)©Bg () + gy g ()OBY (1) + Uy o (VOB (1)

BY (t) =W (t) + s, () OBY (1)

B (t) =W (t) + 0go ()OBg () + 1 11 (VOB (t) + dgg 10 () OBE (1) (21)
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Where,

W, (1) =Wi (t) = F(t) , Wy (t) =& AT F (1) + (ape 0N F (t) + (1o H e F(t)  (22)
Taking LT of above relations (21) and solving for Bg’*(s) .The time for which server is busy due
to preventive maintenance is given by

* N
BY () = limsBy (s)=—% (23)
s—0 D1
Where,
N4 = W, (0) pgy X +Ws (0) pysY +Wj (0)Z and D; is already mentioned. (24)

7. Expected Number of Repairs
Let R;(t)be the expected number of repairs by the server in (0, t] given that the system

entered the regenerative state Si at t = 0. The recursive relations for R, (t) are given as:

Ro (1) = Qua () ORy () + Qo2 (N ER,. (1)

Ry(t) = Qo (O + Ry (1)) + Q11 3()EA+ Ry (1)) + Qi1 37 DGRy (1) + Q4 (N ER, (1) + Qus (N ERs (1)
Ry (t) = Qa6 (1) ©Rs (1)

Ry (t) = Qa0 () Ry (t) + Qu1.8 (N ERy (1) + Que o (Y ER (1)

R (t) = Q51 () ORy (t)

Rs (t) = Qgo () ORy (1) + Qs1.11 ) ERy (t) + Qgg.10 (Y ERs (1) (25)
Taking LST of above relations (25) and solving for RO**(S) .The expected no. of repairs per unit
time by the server are giving by

o N
Ro () = limsRy (s)=—2 , (26)
s—0 Dl
where

N5 =(pg+ P113)Y and Dis already mentioned. (27)

8. Expected Number of Replacements
Let Rp;(t) be the expected number of replacements by the server in (0O, t] given that the

system entered the regenerative state Si at t = 0. The recursive relations for Rp;(t)are given as:
Rpy (t) = Qo1 () ORpy (1) + Qo2 (Y ERP, (1)

Rpy (t) = Qo (DERPg (1) + Q137 (S + Rpy (1)) + Q1 3() ORPy (1) + Q4 (HERP4 (1) + Q5 (1) ORps (1)
Rp; (t) = Qo6 () ©RPg (1)

RP4 (t) = Qao ()L + Rpg (1) + Qa1.s () S+ Rpy (1)) + Que o () O+ Rpg (1))

Rps (t) = Q51 (ERpy (1)

Rpg (t) = Qgo (Y ERPy (t) + Qp1.11 (YERPy (1) + Qps.10 N ERPs (1) (28)
Taking LST of above relations (28) and solving for Rpa* (s) .The expected no. of replacements
per unit time by the server are giving by
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ok N
Rpo (=) = limsRpg (5)=—2, (29)
s—0 D1
where
Ng= (Prs+ Pr137)Y and Djisalready mentioned. (30)

9. Expected Number of Preventive Maintenances
Let P (t)be the expected number of preventive maintenance by the server in (0, t] given
that the system entered the regenerative state Sjat t = 0. The recursive relations for P,(t)are given
as:
Py (t) = Qua (SR (1) + Qoo ()P, (t)
R (t) =QuMOR (1) + (Qi1.3(t) + Q137 M EOR () + Qua (VSR (1) + Qs () SR (1)
P (t) = Qs ()L + F5 (1))
P4 (t) = Qao ()Y ERy (t) + Q41,8 () ER, (1) +Qu6.0 (N ER5 (1)
R (t) = Q51 (O + R ()
Ps () = Qgo (N ® 1L+ Ry (1)) + Qe1.11 (O EA+ R (1)) + Qgg.10 ) S(L+ F5 (1)) (31)

Taking LST of above relations (31) and solving for PJ* (s) .The expected no. of preventive

maintenances per unit time by the server are giving by
Py (c0) = lim sPy (s) = Nz . (32)
s—0 D,
Where

N7, = pgoX +pisY +Z and D; is already mentioned. (33)
And
X = (1= Pe6.10)(P1o + P14 Pao) + Pra Pag Peo
_ A2A+2a+ap)
C QA+ag)(a+A+ag)
Locto(2A+0p)2A+ag + )+ 20000+ A+ oy + Fo)(f+ A+ )
O+ A+ag + o) (B+A+ap) (24 + )

7=

10. Profit Analysis
The profit incurred to the system model in steady state can be obtained as

P1= KoAy — KB —K,Bi? —K4Bf

P2= KoAy —K4Ro —KsRpy —Kghy

Where

P1 = Profit of the system model after reducing cost of the repair activities of server

P, = Profit of the system model after reducing cost of expected number of repair activities
Ko = Revenue per unit up-time of the system

K3 = Cost per unit time for which server is busy due to repair

K, = Cost per unit time for which server is busy due to replacement

K3 = Cost per unit time for which server is busy due to preventive maintenance
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K4 = Cost per unit time repair
Ks = Cost per unit time replacement
Kg = Cost per unit time preventive maintenance

11. Conclusion

The reliability measures of a parallel system giving priority to preventive maintenance
over repair have been obtained for the particular case g(t) = 8e~%¢, r(t) = Be At and f(t) = ae =%,
To make the study more concrete and effective, the graphs for MTSF, availability and profit are
drawn with respect to failure rate (1) for fixed values of other parameters as shown respectively
in figures 2, 3, 4 and 5. The results indicate that MTSF, availability and profit go on decreasing
with the increase of failure rate (1) and the rate («,) by which the unit undergoes for preventive
maintenance. However, their values increase with the increase of repair rate (6) and replacement
rate (B). Further, MTSF and availability increase as and when the rate (f3,) increases while profit
declines. The profit of the system model has also been obtained under two aspects of costs-one is
by considering cost of busy period of the server due to repair activities and the other by giving
separate cost of each repair activity to the server. It is analyzed that the system would be more
profitable if cost is paid to the server for his busy period rather than cost to each repair activity.
Acknowledgement

The author Ms. Reetu is grateful to the department of Science and Technology (DST),
Govt. of India for providing financial helps under INSPIRE scheme.

12. References

e Singh S. K. and Agrafiotis G. K.; 1995. Stochastic Analysis of a Two- Unit Cold Standby
System Subject to Maximum Operation and Repair Time. Microelectronics and
Reliability, 35(12): 1489-1493.

e Kumar, Jitender, Kadyan, M.S. and Malik, S.C. (2010): Cost-benefit analysis of a two-
unit parallel system subject to degradation after repair. Journal of Applied Mathematical
Sciences, Vol.4 (56), pp.2749-2758.

e Malik S.C. and Gitanjali; 2012. Cost-Benefit Analysis of a Parallel System with Arrival
Time of the Server and Maximu Repair Time. International Journal of Computer
Applications, 46 (5): 39-44.

¢ Reliability Modeling of a Computer System with Priority to S/w Replacement over H/w
Replacement Subject to MOT and MRT. International Journal of Pure and Applied
Mathematics, Vol.80 (5), pp. 693-709, 2012(ISSN: 1311-8080, SNIP 0.254,H-Index 15,
G-Index 25, Sites per Paper 1.86,SCI)(with Ashish Kumar).

e Malik S.C.; 2013. Reliability Modeling of a computer System with Preventive
Maintenance and Priority Subject to Maximum Operation and Repair Times.
International Journal of System Assurance Engineering and Management, 4(1): 94-100.

e Reliability Measures of a Cold Standby System with Preventive Maintenance and Repair.
International Journal of Reliability, Quality and Safety Engineering, Vol. 20, No. 6
(2013) (DOI: 10.1142/S50218539313500228)(with Sudesh K. Barak)

IUSER © 2015
http://www_ijser.org



International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015

ISSN 2229-5518

MTSF —>

5.02

4.98
4.96
4.94
4.92

49 -
4.88 -

4.86

MTSF Vs FAILURE RATE (A)

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
Failure Rate (1) _—

—— 00=0.2,$0=3,06=2.1,a=5,$=10
B0=1

—>—06=4.1

—¥—00=0.201
a=7

—+—B=5

Fig.2

AVAILABILITY Vs FAILURE RATE (»)

http://www_ijser.org

0.973 - N

0.971 - *—e-

0.969 - —— 00=0.2,80=3,06=2.1,a=5,p=10

0.967 - Bo=1

S —%—0=4.1

; i —¥— 00=0.201
Z 0963 - a=7
2 0861 | ey B
T 0.959 -
>
< 0957

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 :
. Fig.3
Failure Rate () —_—
IJSER © 2015

1660



International Journal of Scientific & Engineering Research, Volume 6, Issue 2, February-2015

ISSN 2229-5518

Profit ———— >

14500 -
14450 -
14400 -
14350 -
14300 -
14250 -
14200 -
14150 -
14100 -
14050 -

14000

PROFIT1Vs FAILURE RATE (A)

—— a0=0.2,$0=3,6=2.1,0=5,8=10
B0=1

—X—6=4.1

—*— 00=0.201
o=7

—— B=5

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
FailureRate ) ——>

K,=15000,K,=3000, K,=3500,
K4=2000,K,=2000, Ks=3000,
K,=1500

Fig.4

Profit

14100 -
14000 -
13900 -
13800 -
13700 -
13600 -
13500 -
13400 -

13300

PROFIT2Vs FAILURE RATE (A)

3

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
FailureRate \) ———>

—— 00=0.2,0=3,6=2.1,a=5,8=10
B0=1

—>—0=4.1

—*— 00=0.201
o=7

—— B=5

K,=15000,K,=3000,K,=3500,
K;=2000, K,=2000, Ks=3000,
K;=1500

Fig.5

IUSER © 2015
http://www_ijser.org

1661





